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that the charge is completely burned. For values of u less than
this, equations (90), (91), and (94) apply; for greater values of
% equations (92) and (93) apply.

48. Determination of the Constants by Experiment.—Regarding
equation (90) and noting from equations (74) that N’ is a funetion
of N, it will be seen that if we measure two velocities at known

_points in the bore of the gun we can determine M and N from
equation (90). =z being known for each of the points the X func-
tions are obtained from the table. With the two measured values
of v we then form two equations in which M and N are the only un-
known quantities. Determining M and N the other consta.nts
become known.

In using this method care must be exerclsed that the measured
velocities are taken at points passed by the projectile before the
powder has completely burned. If the powder is not wholly
burned when the projectile leaves the gun one of the measured
velocities may be taken at the muzzle.

Since M’ is also a function of M, equation (85), we may make
use of the two equations (90) and (91), or (92) and (91), and with
a single measured velocity and a measured pressure determine M~

-and N from these equations. But it has been shown in the chapter
on powders that there is room to believe that the pressures as ordi-
narily measured with the crusher gauge are not reliable. There-
fore results obtained in this way are not likely to be as satisfactory
as those obtained from measured velocities, which can be deter-
mined with a high degree of accuracy.

It is found in fact that while the velocities obtained from the
formulas agree very closely with those actually measured in prac-
tice, there is not as satisfactory an agreement between the pres-
sures. The pressures are obtained in the formulas by the dynamic
method and are usually higher than the measured pressures.
This is in accord with what has already been said in our previous
consideration of the subject of pressures, and adds to the evidence
ageinst the accuracy of the crusher gauge.

When © and | are known all the constants are known.
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From equations (63) and (68) we obtain

= (6;0:(;0) X 0 ®7)

From equations (73) and (77)
f=Vi2w/6g0 (98)

from which can be determined X, and V32, M and N follow from
equations (95) and (96).

7, the time of burning of the whole grain in air, is constant for
the same powder.

The value of f, equation (98), is dependent on the value of V3,
a quantity determined by experiment in the gun. f for any pow-
der is therefore constant, within the limits explained below, in the
same gun only. It is practically constant for guns that do not
differ greatly in caliber. Consequently when = and f have once
been determined for a powder and a gun, we may at once form the
equations of motion and pressure for different conditions of load-
ing, involving differences in the form and size of grain of the pow-
der, in the weight of the charge, in the weight of the projectile,
and in the size of the chamber and length of the gun.

49. The Force Coefficient ;.—The quantity [ at its first intro-
duction, equation (45), was shown to be the pressure exerted by
the gases from unit weight of powder, the gases occupying unit
volume at the temperature of explosion. It was called the force
of the powder. But in the ballistic formulas it has been affected
by whatever errors there are in the assumptions made in deducing
the formulas. It can consequently be regarded only as a coeffi-
cient, and it may conveniently be called the force coefficient.

Its value, when determined by experiment, may be considered
constant in the same gun for charges of the same powder not
differing in weight by more than about 15 per cent from the
charge used in determining its value. The effective value of the
force coefficient is measured in the formulas by projectile energy,
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and there has been omitted in deducing the formulas all considera~
tion of the force necessary to start the projectile. As the charge
decreases the portion of the developed force necessary to start the
projectile bears a larger relation to the total force exerted; and if
the charge is sufficiently small the projectile will not start at all.
The effective force for a small charge must therefore be proportion-
ally less than for a large charge, and the value of f determined
from one charge must be modified for use with another that differs
greatly in weight. The formula used by Ingalls for this modifica~
tion will be found in equatxon (137), problem 3 of the applications
which follow..

Values of the X Functions.—We may simplify the value of
Xo by means of circular functions. In equation (67) make

sec §=(1+2z)t
we may then deduce, see foot-note,
X0=6fsec3 g de
The value of this integral, designated as (6), is given in Table V
of the book of ballistic tables for every minute of arc up to 87

degrees. We therefore have, simply

bifferentiatihg theA equation sec 0= (1+ )t
d sec O=sec 0 tan 6 d0=3(1+x)~Ydz=dz/6 sec®
From the second and fourth members,
dz=6 sec® 0 tan 6 d6
tan = (sec? 0—1)d=[(1+z)t—1]¢
Equation (67) becomes

[]
X,= 6 sec® 0 tan 0 d6

- )
seed 0 tan 6 Gfsec 948
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From the equations giving the values of the various X func-
tions, (70), (71), and (84), first making

1
144X, cost 6 cosec 8

X=

we may now deduce the following values:

X,=Xgysin2 6
X2=si112 0

X3=sin 4 cost /X
Xy=Xo(1+X)
Xs=X2(1+2X)

The logarithms of the values of the X functions for various
values of z are found in Table I at the end of the volume.

The argument in the table is z. The value of z is obtained
from the equation z=wu/2y, in which uis the travel of the projectile
- and 2o the reduced length of the initial air space. Knowing 2 -
and assuming the travel we obtain « and from the table find the
corresponding values of the functions.

Interpolation, Using Second Differences. — It will often be
necessary in determining values of the functions for values of z
not given in the table to employ second differences in order to get
the desired accuracy in the interpolated values of the functions.

In a table containing values of a function, the first differences
are the differences between the successive values of the function.
The second differences are the differences between the successive
values of the first differences. Thus if the successive values of
an increasing function are a, ¢/, and o'/, the first differences
are a’—a=4;, and a”’—a'=4,’. The second difference is then
4y — 4y =4,.

The interpolation may be effected by the following formula.
The sign of the last term in this formula is made + so that, in
this particular table, only the numerical values of the second
differences need be considered.
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X =Xd:x‘,f“dl+”—h‘”“(1—“’_hx“)dz (99)

in which z is the given value of the argument, lying between the

tabular values z, and z,

h=2xy—1,,

4y and 4s are the first and second differences of the func-.
tion under consideration, '

X, the tabular value of the function corresponding to
Zg, :

X the interpolated value of the function corresponding
to z.

It will be observed that the difference between successive values
of z varies in different parts of the table. In applying the formula
we must use the same value of A in getting the two first differences
from which the second difference is obtained.

The lower sign of the second term of the second member must
be used when the function decreases as x increases. This sign will
only be required for the values of the function X3 when the value -
of z is greater than 0.65.

ExamprEs.—1. What is the value of log X corresponding to
z=1.17? '

Te=115 2,=1.20 h=.05 z2—z,=.02

1st diff. 2d diff,
Xa=log Xo(x=1.15) 0.52960 - 792=4, 36=4,
log Xo(x=1.20) 0.563752 756

log Xo(x=1.25)  0.54508
X = (0.52960) + § 792+ § X § X 36 = (0.52060) + 316.8+8.6

The parentheses around 0.52960 indicate that this number
is to be treated as a whole number in applying the corrections.
Therefore

0.52960
316.8
8.6

X =log Xo(x=1.17)=0.53285 °
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2. What is the value of log X; when 2=0.563?
Ans. Log X, =9.53337.

3. Log X; for £=0.275. Log X3=9.82216.
4. Log X3 for 2=2.18. Log X3=9.76089.
5. Log X for 2=0.772. Log X5=1.15879.

50. The Characteristics of a Powder.—The quantities f, 7, , 4,
and p were called by Sarrau the characteristics of the powder,
because they determine its physical qualities. Of these factors, f,
the force coefficient of the powder, depends principally upon the
composition of the powder. In the same gun it is practically
constant for all powders having the same temperature of com-
bustion. It increases with the caliber of the gun, and for this
reason its value determined for one caliber cannot be depended
upon for another. The factor 7, the time of combustion of the
grain in air, depends upon the least dimension of the grain and
upon the density; also, in smokeless powders, upon the quantity of
solvent remaining in the powder. The factors e, 4, and u depend
exclusively upon the form of the grain, and for the carefully pre-
pared powders now employed their values can be determined with
precision. They are constant as long as the burning grain retains
its original form.

APPLICATION OF THE FORMULAS,

For convenience of reference the notation employed in the
deduction of the formulas is here repeated, and the units custom-
arily employed in our service are assigned to the different quan-
tities. For most of these quantities specific units have not here-
tofore been designated. '

a defined by equation (101) below.

C volume of powder chamber, cubic inches.
d caliber in inches.

D, outer diameter of powder grain, inches.
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d, diameter of perforation of powder grain, inches.
[ force coeflicient of the powder, pounds per square inch,
F fraction of grain burned.
g acceleration due to gravity, 32.16 foot-seconds.
k=y/o, fraction of charge burned.
I thickness of layer burned at any instant, inches.
lo one half least dimension of grain, inches.
L constant logarithms in the ballistic equations,
m length of powder grain, inches.
M ballistic velocity constant, foot-seconds.
M’ ballistic pressure constant, pounds per square inch.
N, N’ ballistic constants,
n  number of powder grains in one pound,
P’ ballistic pressure constant, pounds per square inch.
p pressure while powder burns, pounds per square inch.
P, pressure after powder is burned, pounds per square inch,
pm Maxinum pressure, pounds per square inch.
po standard atmospheric pressure, 14.6967 lbs. per square
inch. .
S; initial surface of a pound of powder, square inches.
u travel of projectile, inches.
U total travel of projectile, inches.
v velocity of projectile while powder burns, foot-seconds.
ve velocity of projectile after powder is burned, foot-secs.
¥V muzzle velocity of projectile, foot-seconds.
V. ballistic constant, velocity at infinity, foot-seconds.
v, velocity of combustion of powder, foot-seconds.
v specific volume of a gas, cubic feet.
V, -initial volume of a powder grain, cubic inches.
w weight of projectile, pounds.
z number of expansions of volume of initial air space.
Xo, X, X, X3, X4, X5, functions of z.
y weight of powder burned at any instant, pounds.
zo reduced length of initial air space, inches.
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constants of form of powder grain.

density of powder.
density of loading.

weight of powder charge, pounds. .
time of burning of whole grain in air, seconds.
cross section of bore, square inches.

Quantities topped with a bar, as v, z, @, Xs, etc., designate
the particular values of the quantities at the instant of com-
plete burning of the powder charge.

With the units assigned above the following working equa-
tions are, with the aid of equation (28), derived from the equa-

tions whose numbers appear on the left.

The numbers in brackets

are the logarithms of the numerical constants after reduction to
the proper units.

22)

(27)

(29)
(57)
(73)
(85)
(87)
(89)
©7)
(98)

4=[1.44217]0/C

-4
C="45

20=[1.54708]ac/d?

x=u/2o

v2=[4.44383] f X20,/w
M’ =[3.828671Mw/ao

P =[3.35155]V 2w /ac

P =[1.79538] f/a

7=[2.56006]. awaXy/d?

1=[5.556171V,2w/a@

(100)
(101)

(102)
(103)
(104)
(105)
(106)
(107)
(108)
(109)
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In addition to the above .working equations the following
formulas are needed or are useful in the solution of most problems,

(74) M=a?/X, N=3X, N=p/Xq (110)
(95) M=aV2/X, (111)
(75) ©2=MX; {1+ NXo+ N'Xo?} (112)
(86) p=M'X3{1+ NX,+ N'X5} (113)
(78) v?=V2X, (114)
Pl
(88) . Pa= m (115)
(80) k=y/o=v/V2X, (116)
: 1 EEE _
v=2 (plz ) | (123)
1= LbXo/Xo - (124)
4
1=h(%) (137)
3 t )
-n(5)' (%) e

51. Transformation of the Formulas into the Forms (104) -
to (109).—In the deduction of the formulas the quantities
have been expressed in general terms, no units having been
assigned.

In assigning now to the velocity » the foot-second unit and to
the weights the pound unit, we fix the units in the formulas as
the foot, the pound, and the second. All dimensional quantities
in the formulas must then be considered as expressed in feet,
square feet, or cubic feet; pressures in pounds per square foot, and
time in seconds. As appears on page 98, we intend now to pre-
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gerve the foot-second as the unit of velocity, but to express the
dimensional quantities, such as d, w, 2o, u, ete., in terms of the inch
a8 the unit, and the pressures in pounds per square inch. We must
therefore introduce into the formulas such factors as will make
them applicable to the new units.

This is accomplished as follows.

Equation (104). In the value of 72, equation (73), g is already
in feet, ® and w in pounds; X is dependent only on z, which is a
ratio independent of the unit. f, which we now express in pounds
per square inch, must, before being substituted for f pounds per
square foot in (73), be converted into pounds per square foot by
multiplying by 144. We therefore get for the numerical factor
whose logarithm appears in (104) the quantity 6 g 144.

Equation (105). The quantity zow in (28) is expressed in
cubic inches, and before substituting its value for zow cubic feet
in the formulas we must divide the value by 1728. This sub-
stitution is made in equation (85). M’ is a pressure in pounds
per square foot, as may be seen by substituting for M its value
from (74). Equation (85) then becomes M’ = (wﬁz/Zg)Xa/Y 1 W20,
work divided by a volume, or pressure, see equation (40). To
reduce M’ to pounds per square inch in order to convert into
pounds per square inch the pressurcs determined from equation
- (86) we must divide it by 144, With these two operations we
obtain, for the numerical factor in (105),

1728/(144 X 29 27.68) =6/g 27.68

Equation (106). Substitute for zpw in (87) its value from
(28) divided by 1728, and divide the value of P’ by 144 to
reduce P’ to pounds per square inch. The numerical factor is
2/9 27.68.

Equation (107). Substitute for . zow in (89): multiply f
now in pounds per square inch by 144, and divide by 144 to
reduce P’ to pounds per square inch. The numerical - factor is
1728 /27.68. ' ' '
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Equation (108). From (97), multiplying and dividing by wi'_-, '
( 27.68(1&))*r
o \"Tmm’) o
= *ndz/ 0
(69pol44)* Taq

The numerical factor becomes

4(27.68)* /m(72gpo)* = (27.68/4.572gpo)?

- Equation (109). Reduce (98) to pounds per square inch by
dividing by 144. The numerical factor is 1/6g 144.

DETERMINATION OF THE BALLISTIC FORMULAS
FROM MEASURED INTERIOR VELOCITIES.

52. As a test of the formulas that have been determined, and at
the same time to illustrate their extensive use, we will follow Colonel
Ingalls in his application of these formulas to the experiments
made by Sir Andrew Noble in 1894 with a six-inch gun. The
normal length of the gun was 40 calibers, but it could be lengthened
as desired to 50, 75, or 100 calibers.

The length of a gun when expressed in calibers ordlna,rlly means
the length measured from the front face of the closed breech block
to the muzzle of the gun. The travel of the projectile is the distance
passed over by the base of the projectile, measured from its posi-
tion in the gun when loaded. The length of the gun in calibers is
therefore equal to the travel of the projectile plus the length of the
powder chamber.

By means of a chronoscope not differing in principle from the
Schultz chronoscope that has been described, the velocity of the
shot could be measured at sixteen points in the bore. Noble gives .
the mean instrumental error of the chronoscope as three one-
millionths of a second.

Problem 1.—A 100-pound projectile was fired from thxs 6-inch.
gun with a charge of 274 lbs. of cordite. Diameter of grain 0.4
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density 1.56. Velocities measured at points corresponding to the
different positions of the muzzle were as follows.

%=199.2 inches v=2794f. s,
259.2 ¢ 2040
409.2 “ 3166 ¢
559.2 3284

The volume of the chafnber was 1384 cu. in.
Determine all the circumstances of motion.

Constants of the gun. Constants of the powder.
C=1384 ®©=27.5
d=6 0= 1.56
U=559.2 a=2
w=100 ‘A=—% } (see page 21)
- u=0
ly=02
From equation (100), 4= 0.55
“ “ (101), log & = 0.07084
“ ¢ (102), log zo= 1.50096
20=231.693

MetaOD OF PROCEDURE.—With 2o we may determine from equa-
tion (103) the value of z corresponding to any travel of the pro-
jectile, and with « we may obtain from Table I the corresponding
values of the X functions.

We have now all the necessary data for the solution of the
problem, and from this data we must determine the values of
the constants in the five formulas (112) to (116). The pro-
cedure is as follows.

A. 1. Select two of the measured velocities and the corre-
sponding values of the travel u, and assume that the velocities
were reached before the powder was all burned.

2. Substitute successively in (112) the selected values of »
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with the values of the X functions obtained with the corresponding
travels.

We have then two equations in which only the constants are
unknown. As N’ is a function of N, there are but two constants,
M and N, to be determined from the two equations.

8. Determine M and N from the two equations.

4. With the value of N find from the second of equations (110)
the value of Xo, and with this determine from the table the value
of £, and from (103) the value of @. _

5. The powder was all burned at this travel %, and if the
values of u corresponding to the selected velocities are less than
@, we were right in assuming these two velocities as having been
reached before the powder was all burned. '

Our determinations of M and N are therefore correct, and,
as explained on page 91, all the other constants may be deter-
mined from these two.

53. B. If, however, one or both of the selected velocities were
reached at a travel greater than %, our assumption that they
were both reached before the powder was burned was wrong and
our values of M, N,-and % obtained under that assumption are
wrong. .

We must therefore determine new values of M and N as
follows.

Substitute the first of the selected velocities with the corre-
sponding values of the X functions in (112) as before. Sub-
stitute the second selected velocity in (114) with the value of X,
corresponding to the travel.

Detetmine V.

.Replace N, N’, and M in (112) by their values from (110)
and (111). Then in (112) X, is the only unknown quantity,
and its value can be determined.

With X, and V; the values of M and N are readily
found. :

C. The constants cannot be determined if both the selected
velocities were reached after the powder was wholly burned.





