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the cylinders and the shrinkage that must be applied in order that
the inner and outer cylinders shall be stretched to their elastic
limits by the same interior pressure. This relation must be estab-
lished if we desire to utilize the full elastic strength of the cylinders.
And if a third and a fourth cylinder are added the proper relation
between the thickness and the shrinkage must be established
for these as well.

A modern gun is built up of a number of cylinders assembled
by shrinkage, the number of the cylinders, from two to four, de-
pending upon the size and power of the gun. The shrinkage of
each cylinder is so adjusted that under the action of the powder
pressure, if the pressure becomes sufficiently great, all the cylinders
will be strained to the elastic limit at once.

When the powder pressure is acting in a compound cylinder the
system is said to be in action. When the powder pressure is not
acting the system is at rest. In action each elementary cylinder
except the outer one is subjected to both interior and exterior pres-
sures. At rest the inner cylinder is subjected to exterior pressure
only, the outer cylinder -to interior pressure only, and the inter-
mediate cylinders to both pressures.

116. System Composed of Two Cylinders.—Assume a system
so assembled that under the action of an interior pressure both
cylinders will be strained to their elastic limits.

Let Ro, Ry, Re, Fig. 44, be the radii of the successive surfaces

from the interior outwards, '

Py, Py, P,, the normal pres-
sures on the successive sur-
faces when the system is in

~ action,

Po, P1, P2, variations in Py, Py,
P,, as the system passes
from a state of action to a
state of rest,

8, 01, the tensile elastic limits
of the inner and outer cyl-
inders respectively,

oo, 01, the compressive elastic
limits,
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E, the modulus of elasticity, assumed the same for both
cylinders, :

P,,, the normal pressure at the surface of contact wher
the system 1s.at rest.

Application of Formulas to Outer Cylinders.—It will be well,
before proceeding further, to show how the formulas deduced for
a single cylinder are made apphcable to outer cylinders in com-
pound systems.

"Thus equation (23)

3((1— 1)60+ 6aP1

Pog= 4042

(31)

gives the value of the limiting pressure in a single cyhnder when
the pressure P; acts on the exterior.

Let us make this apply to the second cylinder of a compound
system.
~ Substituting for a its value B,2/E¢? and clearing of fractions in
numerator and denominator,

3(R2—Re2)0y+6R2P: ‘
AR+ 2Ry (32)

Pyy=

Now to apply this equation to the second cylinder change all
zero subscripts-to 1, and subscripts 1 to 2.  Making these changes,
dividing numerator and denominator by R¢%, we obtain, since
R2/Re?=0a and R?2/Ry? =

Pm=3(b 442)_(?_1 ;(—1 6b Py (33)
Comparing this equation with (31), from which it has been de-
duced, we see that the transformation may be immediately made
by substituting b for @, and by writing a after the numerical quan-
tities that are affected when we substitute R2/R¢ for a and clear
of fractions, -

We have made this transformatlon under transformatlon rule
1, page 197." Tn equation (31) the numerator forms but one term
factor and the denominator another. As Ro® does not appear in
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(31) we know that the equation from which it is derived, equation
(32), is of the same form.

The following equation, which refers to pressures in the inner
cylinder of a compound system,

b— -b
m= ‘;(le))po becomes pp= Z((::: — a;pl (34)

for the second cylinder, since the absence of R¢? in the first equa-
tion indicates that its original equation had two term factors in-
volving the squares of the radii in the numerator as well as in the
denominator. Therefore consider 1=R2/R(? "as present as a
term factor in the numerator of the first equation, change to
Ry2/Ry?, and write a for this quantity in the second equation.

The equation

Poy=3(a—1)00+2aP;
beecomes, if made applicable to the second cylinder,

3(b—a)6; +2bP

Py,=
10 a

(35)

since the absence of R¢? indicates that the original equation had
one term factor in the denominator as well as in the numerator.
_ Equation (13) is, for the first cylinder,

2(Py—aby) 4a(P0_Pl)E(_)E

Bl=8="5"1y * 3a=1 =

and becomes for the second cylinder

2(aP,—bPy) | 4ab(Pi—P;) Re?
36—a) | 30-a) 2 (86)

El,=S;=

Under transformation rule 2 the presence of R¢? in the nu-
merator of the last term indicates that the original term had two -
term factors involving the squares of the limiting radii in the
numerator and one in the denominator. Therefore supply the
missing factor 1=R/Ry?, change to R:2/Ry?, write a in.(36) for
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this quantity and change the a in (13) to b. R¢? is itself not
affected in the transformation, as in reality it disappears during
the transformation and reappears later by reinsertion.

Whenever in doubt as lo a transformation replace the radius
ratios by their values, clear the resulting fractions, make the trans-
formation, and rewrite the ratios.

117. System in Action.—When the system is in action the
outer cylinder is strained to its elastic limit by an interior
pressure. The limiting pressure is given by equation (26), changing
the subscripts to conform to the nomenclature above,

3(—a)

Pro= 4b+2a

6 37

The pressure P;, will extend the inner layer of the outer cylin-
der to its elastic limit. It is therefore the greatest safe pressure
that can be applied to the interior of this cylinder. -

The pressure P;, just found also acts upon the exterior of the
inner cylinder, and the pressure Py upon the interior. For the
limiting values of the interior pressure we have, under these cir-
cumstances, from equations (23) and (24),

3(a—1)p+6aPy,

Poy= 4a+2 (38)
- 3(a—1 2aP
Py, =20t 20 e (39)

The smeller of these values as determined by the test, equation
(25), must be used as the limiting interior pressure. Acting with
the pressure Py, it brings the inner layer of the inner cylinder to
its elastic limit of tension or compression according as Py, or Py,
is the less. At the same time the pressure Py, stretches the inner
layer of the outer cylinder to its elastic limit.

Equation (37), containing in the second member known quan-
tities only, is solved first, and the value of Py, obtained is sub-
stituted in equation (38) or (39) as determined by the test. The
maximum permissible value of Py results.
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118. System at Rest.—We have scen in Figs. 4 and 41 that an
exterior pressure acting alone on a cylinder may produce a greater
stress than when an interior pressure is also acting.

It may be, therefore, that the pressure P, deduced as a safe
pressure for the system in action may produce a higher pressure
than the inner cylinder can safely withstand when the system is
at rest, that is, when the interior pressure Py is zero. This must
be determined before we can assume, as safe values for the pres-
sures, the values obtained from the consideration of the system in
action.

As the system passes from a state of action to a state of rest
variations occur in the pressures acting, and consequent variations
in the stresses at the various surfaces. po and p; represent the
variations in the pressures Py and P; respectively. Since the in-
terior pressure changes from P, to 0 we have

po=—"Po (40),.

because Py— Py=0; that is, the algebraic sum of the pressure in
action and the variation in the pressure is the pressure at rest.

The variations in the tangential stresses due to the variations
in the pressures may be determined from equation (13). For the
exterior of the inner cylinder, the pressures — Py and p, acting,
write — Pg for Py, p; for P, and make r=R;.

It will be noticed that when » =R, in equations (13) and (14)
the last factor becomes Ro2/R;2 or 1/a, which cancels the g in the
numerator of the last term.

— 6Py~ (2a-+4)p:

$ =56

(41)

For the outer cylinder equation (13) takes the form of equa-
tion (86). TFor the interior of the outer cylinder, the pressure
p1 acting alone, write p; for P;, make P;=0, and r=R;.

(2a+4b)p
S (= R “

As the surfaces of contact of the two cylinders form virtually
one surface the two values for the variation in the stress at this



214 ORDNANCE AND QUNNERY. -

surface must be equal. Equating the second members of equa-~
tions (41) and (42) and solving for p;, we obtain
' (b—a)P
D=~ a(b——l)o (43)
which expresses the relation between the variations in pressure at
the interior and exterior of the inner cylinder.
We have designated the pressure at the surface of contact of
the two cylinders, system at rest, by P,,. The variation in pres-
sure from the state of action to the state of rest must therefore be

P1=—(P10—P13>=P1,—Pw - (44)
because Pyy— (P1sg— P1s) =Pi,. Solving (44) for Py,
Pro=Pyy+py

and substituting the value of p; from equation (43) we obtain

~e-1) (45)

for the value of the pressure on’ the exterior of the inner cylinder,
system at rest.

119. This value of P;, must not exceed the maximum permis-
sible value of an exterior pressure acting alone on the inner cyl-
inder, as given by equation (29).

a—1 '
Plp= 221 Lo (46)

If it does the inner cylinder at rest will be crushed by the pressure
. applied to strengthen it in action.
The condition that Pi; shall not-exceed Py, may be expressed
b—a)Py a—1
Py, =Py~ a(b—1) < 2q P0~ Py, - 47)
If the values of Py, from equation (37) and of P, from (38) or

(39) donotfulfill the above conditions these values for the pressures
cannot be used for the system in action.
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To find the safe values for the pressures in this case we must
reduce the value of the first member of (47), Py, until it is equal
to the second member, Py,. Pj, becomes then P; and we have

(b—a)Po
ab-1)

Py =P+ (48)

This is the relation that must exist between P; and Py in order
that these pressures may be safe for the system at rest.

Equations (38) and (39) express the relations between the safe
pressures for the system in action.

If therefore we substitute the lesser value, Py from (48), for P,
in equations (38) and (39) and solve for Py we will obtain the
values of Py that will be safe both in action and at rest.

_3(a—1)bp+6aPy,

P()B—_‘ (49)
b—a
(4:(],-}'2)—-61)_71 .
— 2
P, =2 1””+Zf} (50)

The lesser of these two values will be the limiting safe interior-
pressure that can be applied to the system.

Assuming 6 and p equal, we will find by equating the second
members of equations (49) and (50) that Pg, will be less than,
equal to, or greater than Py, according as

<
a(b —1)P,, =

> W

(a—1)0o (51)

120. Graphic Representation. System at Rest and in Ac-
tion.—Equation (43) expresses the value of the variation p; in the
exterior pressure for a variation Py in the interior pressure. Drop-
ping the negative sign for convenience this equation may be
written, for a given cylinder,

plzKPO
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and may be represented by the line p; Py in Fig. 45. The variation
in exterior pressure increases directly with the interior pressure at
a rate represented by the inclination of the line p,Py.

The lines Py Py, and Py Py, represent, as in Fig. 43, the coordi-
nate limiting pressures for the inner cylinder. Py, is the limiting
pressure at the surface of contact in action obtained from equation
(37). Considering only the tangential stresses, the abscissa of the
point ¢, Po=42,955, is the limiting value of the interior pressure in
action. As the system passes from action to rest the exterior
pressure falls at the rate represented by the inclination of the line
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mPo. Therefore drawing through ¢ a line parallel to p Py, the
point where it cuts the axis P, will be the value of Py,, the pres-
sure at rest, Py being zero at this point. If the value of Py, is
less than P,,, the limiting value of the pressure at rest calculated
from equation (46), the value Py, is a safe value. If Py, is
greater than P;, we cannot use Py, in action. In this case we
would find the permissible value of P; in action by drawing a line
from Py, parallel to p;Po.  Its intersection with P, Py would give
the values of the coordinate limiting exterior and interior pres-
sures in action.

121. Maximum Value of the Safe Interior Pressure in a
Compound Cylinder.—The stresses and strains produced by any
pressure applied to a compound cylinder are exactly the same as
would be produced by the same pressure applied to a single cyl-
inder of the same dimensions.
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The resultant stresses in the compound cylinder are the alge-
braic sums of the stresses already existing in the cylinder and
those induced by the application of the pressure, and similarly for
the strains.

As the resultant stresses may never exceed the elastic limits of
extension and compression, the maximum permissible pressure in
any cylinder is given by equation (28).

Changing a into b to make of the compound cylinder a single
cylinder whose outer radius is R», we have

_3(-1)

Making Ry=o0, and therefore b=R22/R¢2=w, we obtain
Poy=%(60+ po)

which is the greatest poss1b1e value of the safe interior pressure in
a compound cylinder. ,

The same result is obtained by substituting 6o+ oo for 6 in
equation (27).

122. Shrinkage.—The absolute shrinkage is the difference be-
tween the exterior diameter of the inner cylinder and the interior
diameter of the outer cylinder before
heated for assembling, 2ab, Fig. 46.

The relative shrinkage is the absolute
shrinkage divided by the diameter, or
the shrinkage per unit of length, ab/R;.
The shrinkages are so small that it is
unnecessary to distinguish between the
lengths of the radii as affected by the
shrinkage.

The shrinkage diminishes the exterior radius of the inner cyl-
inder, when cold, and increases the interior radius of the outer cyl-
inder, so that the radius R, of the surfaces in contact is of a length
intermediate between the lengths of the original radii.

The relative shrinkage is, Fig. 45,

b=ab/R =% (52)
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The relative compression ¢i/R; is the strain per unit of length
produced by the pressure Py, acting on the exterior of the inner
cylinder. As the circumference is proportional to the radius the
diminution of the circumference per unit of length will be the same
as the unit shortening of the radius, and the value of the tangential
strain produced by the pressure P;, may be obtained from equa-
tion (13), by making Py=0 and r=R;.

o, (2a+4) Py,
B =l=3Ea-1)
The negative sign is omitted, as it simply indicates compression.
The tangential strain co/R, at the interior of the outer cylinder
is similarly obtained from equation (13), which for the second cyl-
inder takes the form of equation (36). Making P; =P, P2=0,
and r=R;,
. ., (a+4d)Py,
oo/Bi=li="pr— 5

Therefore from equation (52) we have for the relative shrinkage

2a(b—1)P,, _
= Ela—1) =0 - (53)

The absolute shrinkage is -

i ) _4R10(’)—1)P13
™ The exterior diameter of the inner cylinder before shrinkage
should be
2R1’=2R1 -I—S1 (55)

R; representing here the interior radius of the outer cylinder
before assembling.

The relative tangential compression of the bore due to the
shrinkage pressure Py, is found from equation (13) by making
Po=0, P1=P10, and ’I‘=Ro. .

l 2aP 18

‘" E(a—1)





